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RATIONAL FUNCTIONS OF DEGREE FOUR THAT PERMUTE
THE PROJECTIVE LINE OVER A FINITE FIELD
XIANG-DONG HOU
Abstract. Recently, rational functions of degree three that permute the pro-
jective line P1(Fq) over a finite field Fq were determined by Ferraguti and
Micheli. In the present paper, using a different method, we determine all
rational functions of degree four that permute the P1(Fq).
1. Introduction
Let P1(Fq) = Fq ∪ {∞} be the projective line over the finite field Fq. A
rational function in Fq(X) defines a mapping from P
1(Fq) to itself. For 0 6=
f(X) = P (X)/Q(X) ∈ Fq(X), where P,Q ∈ Fq[X ] and gcd(P,Q) = 1, we de-
fine deg f = max{degP, degQ}. Let G(q) = {φ ∈ Fq(X) : deg φ = 1}. Then
(G(q), ◦) is a group which is isomorphic to PGL(2,Fq). Elements of G(q) induce
permutations of P1(Fq). Two rational functions f, g ∈ Fq(X) are called equivalent
if there exist φ, ψ ∈ G(q) such that f = φ ◦ g ◦ ψ. A polynomial f(X) ∈ Fq[X ]
that permutes Fq is called a permutation rational polynomial (PP) of Fq; a ratio-
nal function f(X) ∈ Fq(X) that permutes P
1(Fq) is called a permutation rational
function (PR) of P1(Fq). Permutation polynomials have been studied extensively.
In particular, PPs of degree ≤ 7, including degree 8 in characteristic 2, have been
classified [1, 2, 3, 7, 8]. However, little is known about PRs of low degree of P1(Fq).
Recently, Ferraguti and Micheli [4] classified PRs of degree 3 of P1(Fq) using the
Chebotarev theorem for function fields. In [6], we showed that the same result can
be obtained from a formula by Carlitz. Moreover, also using Carlitz’s formula, we
were able to determine all PRs of P1(Fq) degree 4 except for a case where a certain
condition is needed. In the present paper, we determine all degree 4 PRs in this case
without any condition; therefore we now have completely determined degree 4 PRs
pf P1(Fq). The approach of the present paper, different from that of [6], is based on
the Hasse-Weil bound for the number of zeros of absolute irreducible polynomials
over finite fields. Notably, when the aforementioned condition is removed, two new
infinite classes of degree PRs arise; see Theorems 3.1 and 4.1.
In Section 2 we recall the previous results on degree 4 PRs from [6]. The unsettled
case in [6] is covered by Theorems 3.1 and 4.1 of the present paper; these two
theorems are proved in Sections 3 and 4 respectively. Section 5 gives the complete
determination of degree 4 PRs of P1(Fq), including the sporadic one (with small
values of q) that are not covered by an infinite class.
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2. Previous Results
If f(X) is a PR of P1(Fq) of degree 4 which is not equivalent to a polynomial, then
f(X) is equivalent to P (X)/Q(X), where P,Q ∈ Fq[X ], gcd(P,Q) = 1, degQ <
degP = 4 and Q has no root in Fq.
Let f(X) = P (X)/Q(X), where P,Q ∈ Fq[X ], gcd(P,Q) = 1, degQ < degP =
4 and Q has no root in Fq. If degQ = 2, all such PRs of P
1(Fq) have been
determined in [6]; they only exist for q ≤ 8. Now assume that degQ = 3. We can
write
(2.1) f(X) = X +
b
X − r
+
bq
X − rq
+
bq
2
X − rq2
,
where b ∈ F∗q3 and r ∈ Fq3 . Under the condition that b ∈ F
∗
q , all such PRs have
been determined. They all occur in characteristic 3: when q = 3, f is equivalent to
X+(X3−X+1)−1 or X− (X3−X+1)−1; when q = 3n, n > 1, f is equivalent to
X+(X3−X + b)−1, where b ∈ Fq is a fixed element such that Trq/3(b) 6= 0. These
results were obtained using a formula by Carlitz on power sums of reciprocals of
polynomials. When the condition that b ∈ F∗q is removed from (2.1), computation
of power sums becomes very complicated. The conclusion in [6] about the case
degQ = 3 is incomplete. In the next two sections, by a different approach, we will
determine all PRs of degree 4 with degQ = 3 without any condition.
3. Main Theorem
Let f(X) = P (X)/Q(X), where P,Q ∈ Fq[X ], degP = 4, degQ = 3, Q is
irreducible over Fq and Q ∤ P . Up to equivalence, we may write
(3.1) f(X) = X +
aX2 + bX + c
Q(X)
,
where a, b, c ∈ Fq are not all 0. If charFq 6= 3, we may assume that Q(X) =
X3 + dX + e; when charFq = 3, we may assume that Q(X) = X
3 + dX + e or
Q(X) = X3 + dX2 + e.
Theorem 3.1. Let
(3.2) f(X) = X +
aX2 + bX + c
X3 + dX + e
∈ Fq(X),
where a, b, c ∈ Fq are not all 0 and X
3+dX+e is irreducible over Fq. Assume that
q > 132. Then f is a PR of P1(Fq) if and only if a = −3d, b = −9e and c = d
2.
Proof. (⇒) We have
f(X)− f(Y )
X − Y
=
F (X,Y )
(X3 + dX + e)(Y 3 + dY + e)
,
where
F (X,Y ) = − cd+ be+ e2 + aex+ dex− cx2 + ex3 + aey + dey − cxy + adxy
(3.3)
+ d2xy − bx2y + dx3y − cy2 − bxy2 − ax2y2 + ey3 + dxy3 + x3y3.
Write
(3.4) F (X,Y ) = G(X + Y,XY ),
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where
G(X,Y ) = − cd+ be+ e2 + (ae+ de)X − cX2 + eX3 + (c+ ad+ d2)Y(3.5)
+ (−b− 3e)XY + dX2Y + (−a− 2d)Y 2 + Y 3.
Case 1. Assume that G(X,Y ) is not absolutely irreducible. Then G(X,Y ) has
a root ρ(X) ∈ Fq[X ] for Y . If deg ρ > 1, then degX G(X, ρ(X)) = 3 deg ρ, which
is a contradiction. So we have ρ(X) = uX + v for some u, v ∈ Fq. Comparing the
coefficients of X in the equation G(X,uX + v) = 0 gives
− cd+ be+ e2 + cv + adv + d2v − av2 − 2dv2 + v3 = 0,(3.6)
ae+ de+ cu+ adu + d2u− bv − 3ev − 2auv − 4duv + 3uv2 = 0,(3.7)
− c− bu− 3eu− au2 − 2du2 + dv + 3u2v = 0,(3.8)
e+ du+ u3 = 0.(3.9)
Since X3 + dX + e is irreducible over Fq, it follows from (3.9) that u is of degree 3
over Fq. From (3.8),
v =
c+ bu+ 3eu+ au2 + 2du2
d+ 3u2
.
Making this substitution in (3.6) and (3.7), and using (3.9) to reduce the degree of
u, we get
A0 +A1u+A2u
2 = 0,
B0 +B1u+B2u
2 = 0,
where
A0 = c
3 − ac2d− c2d2 + acd3 − b3e− a2bde+ 3bcde− abd2e− 2a3e2
− 9b2e2 + 9ace2 − 6a2de2,
A1 =3bc
2 − b3d− 2abcd− a2bd2 + 3a2ce− 3a3de− 9b2de+ 9acde− 9a2d2e,
A2 =3b
2c− ab2d+ a2cd− 3c2d− a3d2 − 2b2d2 + 5acd2 − 2a2d3 + 3a2be
+ 9bce− 3abde+ 9a2e2,
B0 = d(bc+ a
2e),
B1 = − 3c
2 + b2d+ 2acd+ a2d2 − 3abe,
B2 = − 3(bc+ a
2e).
Using (3.9), we also find that
A0 +A1u+A2u
2 = (c+ bu+ au2)(A′0 +A
′
1u+A
′
2u
2),
where
A′0 = c
2 − acd− cd2 + ad3 + abe+ 9ae2,
A′1 = 2bc− 2bd
2 + 2a2e+ 6ade,
A′2 = b
2 − ac+ a2d− 3cd+ 3ad2 + 9be,
and
B0 +B1u+B2u
2 = (c+ bu+ au2)(bd− 3ae+ (−3c− ad)u).
Since u is of degree 3 over Fq and since (a, b, c) 6= (0, 0, 0), we have A
′
0 = A
′
1 =
A′2 = 0, bd− 3ae = 0, and 3c+ ad = 0.
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Case 1.1. Assume that p 6= 3. Then c = −ad/3, and
A′0 =
1
9
a(4ad2 + 12d3 + 9be+ 81e2),
A′2 =
1
3
(3b2 + 4a2d+ 12ad2 + 27be).
If d = 0, then c = 0. Since e 6= 0, it follows from bd− 3ae = 0 that a = 0. Then
A′2 = 0 gives b = −9e and we are done.
Now assume that d 6= 0. Then b = 3ae/d, and
A′0 =
a(a+ 3d)(4d3 + 27e2)
9d
,
A′2 =
a(a+ 3d)(4d3 + 27e2)
3d2
.
Note that 4d3+27e2 6= 0 since −4d3− 27e2 is the discriminant of X3+ dX + e. So
a(a+ 3d) = 0. If a = 0, then b = c = 0, which is a contradiction. If a = −3d, then
b = −9e and c = d2. We are done.
Case 1.2. Assume that p = 3. Since X3 + dX + e is irreducible over Fq, we
have d 6= 0. It follows from bd− 3ae = 0, and 3c+ ad = 0 that a = b = 0, whence
c 6= 0. We have A′0 = c(c− d
2), and hence c = d2.
Case 2. Assume that G(X,Y ) is absolutely irreducible.
Case 2.1. Assume that F (X,Y ) is absolutely irreducible. By Riemann’s in-
equality [9, Corollary 3.11.4], the algebraic curve defined by F (X,Y ) = 0 has genus
g ≤ (3 − 1)(3 − 1) = 4. The number of zeros of F (X,Y ) at infinity is 2. By the
Hasse-Weil bound,
|VF2
q
(F (X,Y ))|+ 2 ≥ q + 1− 2gq1/2 −
(1
2
6(6− 1)2 + 1
)
= q − 8q1/2 − 75.
(The term 6(6−1)2/2+1 arises from an estimation of the number of singular points
on the curve; see [5, §5.4.7] for details.) On the other hand, |VFq (F (X,X))| ≤
degF (X,X) = 6. Thus
|VF2
q
(F (X,Y ))| ≥ q − 77− 8q1/2 > 6 = |VFq (F (X,X))|.
Hence there exists (x, y) ∈ F2q with x 6= y such that F (x, y) = 0, which is a
contradiction.
Case 2.2. Assume that F (X,Y ) is not absolutely irreducible. Then F (X,Y )
has a factor A(Y )X + B(Y ) where A(Y ), B(Y ) ∈ F¯q[Y ] with A(Y ) 6= 0. Since
G(X,Y ) is absolutely irreducible, A(Y )X + B(Y ) cannot be symmetric in X and
Y . Since F (X,Y ) is symmetric, A(x)y+B(x) is also a factor of F (X,Y ). Note that
gcd(A(y)x+B(y), A(x)y+B(x)) = 1. (Otherwise, A(y)x+B(y) = ǫ(A(x)y+B(x))
for some ǫ ∈ F
∗
q . It follows easily that A(x)y + B(x) = δ(X − Y ) for some δ ∈ F
∗
q .
This is a contradiction since X−Y ∤ F (X,Y ).) Thus (A(y)x+B(y))(A(x)y+B(x))
is a symmetric factor of F (X,Y ). By the absolute irreducibility of G(X,Y ), we have
F (X,Y ) = η(A(y)x+B(y))(A(x)y +B(x)) for some η ∈ F
∗
q . We may assume that
one of the nonzero coefficients of A(y)x+B(y) is in Fq. We then claim that A(Y )X+
B(Y ) ∈ Fq[X,Y ]. (Otherwise, there exits σ ∈ Aut(F q/Fq) such that σ(A(Y )X +
B(Y )) 6= A(Y )X+B(Y ). Note that σ(A(Y )X+B(Y )) is a factor of F (X,Y ) which
is coprime to A(Y )X+B(Y ). Hence σ(A(Y )X+B(Y )) | A(X)Y +B(X), which is
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impossible since degY (A(Y )X+B(Y )) = 2 and degY (A(X)Y +B(X)) = 1.) Next,
we claim that A(Y )X + B(Y ) is absolutely irreducible. (Otherwise, let h(Y ) =
gcd(A(Y ), B(Y )). Then h(X)h(Y ) is a nontrivial symmetric factor of F (X,Y ),
contradicting the irreducibility of G(X,Y ).) Therefore,
|VF2
q
(F (X,Y ))| ≥ |VF2
q
(A(Y )X +B(Y ))| ≥ q−degA ≥ q− 2 > 6 = |VFq (F (X,X))|,
which is a contradiction.
(⇐) Let u ∈ Fq3 be a root of X
3 + dX + e and let u1 = u, u2 = u
q, u3 = u
q2 .
Then
u1 + u2 + u3 = 0
u1u2 + u2u3 + u3u1 = d,
u1u2u3 = −e.
Using these equations, together with the conditions a = −3d, b = −9e and c = d2,
one easily verifies that the polynomial in G(X,Y ) in (3.5) affords the factorization
G(X,Y ) =
3∏
i=1
(Y − uiX − d− 2u
2
i ).
Therefore, for the polynomial F (X,Y ) in (3.3), we have
F (X,Y ) =
3∏
i=1
(XY − ui(X + Y )− d− 2u
2
i ).
If p 6= 3, (XY − ui(X + Y ) − d − 2u
2
i ) has no root (x, y) ∈ F
2
q; if p = 2, (XY −
ui(X + Y )− d− 2u
2
i ) has no root (x, y) ∈ F
2
q with x 6= y. In both cases, f(X) is a
PR of P1(Fq). 
4. The Other Case in Characteristic 3
Assume that charFq = 3. The rational functions f of the form (3.1), where
Q(X) = X3 + dX2 + e, are not covered by Theorem 3.1. These type of functions
need to treated separately although the argument is similar. First notice that by
replacing X be dX , we may assume, up to equivalence, that d = 1, i.e., f(X) =
X + (aX2 + bX + c)/(X3 +X2 + e) ∈ Fq(X).
Theorem 4.1. Let q = 3n where n > 4. Let
(4.1) f(X) = X +
aX2 + bX + c
X3 +X2 + e
∈ Fq(X),
where a, b, c ∈ Fq are not all 0 and X
3 +X2 + e is irreducible over Fq. Then f is
a PR of P1(Fq) if and only if a = 1 and b = c = 0.
Proof. (⇒) We have
f(X)− f(Y )
X − Y
=
F (X,Y )
(X3 +X2 + e)(Y 3 + Y 2 + e)
,
where
F (X,Y ) = be+ e2 + (−c+ ae)x+ (−c+ e)x2 + ex3 + (−c+ ae)y + (−c− b)xy
(4.2)
− bx2y + (−c+ e)y2 − bxy2 + (−a+ 1)x2y2 + x3y2 + ey3 + x2y3 + x3y3.
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Write
(4.3) F (X,Y ) = G(X + Y,XY ),
where
G(X,Y ) = be+ e2 + (−c+ ae)X + (−c+ e)X2 + eX3 + (c− b+ e)Y(4.4)
− bXY + (−a+ 1)Y 2 +XY 2 + Y 3.
Case 1. Assume that G(X,Y ) is not absolutely irreducible. Then G(X,Y ) has
a root ρ(X) ∈ Fq[X ] for Y . If deg ρ > 1, then degX G(X, ρ(X)) = 3 deg ρ, which
is a contradiction. So we have ρ(X) = uX + v for some u, v ∈ Fq. Comparing the
coefficients of X in the equation G(X,uX + v) = 0 gives
be+ e2 + cv − bv + ev − av2 + v2 + v3 = 0,(4.5)
− c+ ae+ cu− bu+ eu− bv + auv − uv + v2 = 0,(4.6)
− c+ e− bu− au2 + u2 − uv = 0,(4.7)
e+ u2 + u3 = 0.(4.8)
Since X3 +X2 + e is irreducible over Fq, it follows from (4.8) that u is of degree 3
over Fq. By (4.7),
v =
−c+ e− bu− au2 + u2
u
.
Making this substitution in (4.5) and (4.6), and using (3.9) to reduce the degree of
u, we get
A0 +A1u+A2u
2 = 0,
B0 +B2u
2 = 0,
where
A0 = c
3 − b3e − ab2e+ a2ce− a2be− bce− b2e− ace+ abe+ a3e2 − a2e2,
A1 = ac
2 − c2 + a2be− abe,
A2 = − b
3 − abc− ab2 + a2c+ c2 − a2b− bc− b2 − ac+ ab+ a3e+ abe− a2e,
B0 = c
2 + abe,
B2 = − b
2 + ac+ ab.
Using (4.8), we also find that
B0 +B2u
2 = (c− bu)(c+ bu+ au2).
It follows that b = c = 0, whence a 6= 0. Now A0 = a
2e2(a− 1), and hence a = 1.
Case 2. Assume G(X,Y ) is absolutely irreducible. The proof is identical to
Case 2 in the proof of Theorem 3.1.
(⇐) Let u ∈ Fq3 be a root of X
3 +X2 + e and let u1 = u, u2 = u
q, u3 = u
q2 .
Then
u1 + u2 + u3 = −1
u1u2 + u2u3 + u3u1 = 0,
u1u2u3 = −e.
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Using these equations, together with the conditions a = 1 and b = c = 0, one easily
verifies that the polynomial in G(X,Y ) in (4.4) affords the factorization
G(X,Y ) =
3∏
i=1
(Y − uiX + ui + u
2
i ).
Therefore, for the polynomial F (X,Y ) in (3.3), we have
F (X,Y ) =
3∏
i=1
(XY − ui(X + Y ) + ui + u
2
i ),
which has no root (x, y) ∈ F2q. Therefore, f(X) is a PR of P
1(Fq). 
5. Cases of Small q
q’s not covered by Theorem 3.1: 21, . . . , 27, 31, . . . , 34, 5, 52, 53, 7, 72, 11, 112,
13, 132, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101,
103, 107, 109, 113, 127, 131, 137, 139, 149, 151, 157, 163, 167.
q’s not covered by Theorem 4.1: 31, . . . , 34.
Degree 4 PRs for these q’s are to be determined through computer search and
the results will be given in an update of the present paper.
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